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We use relations between Galois algebras and monoidal functors to describe
monoidal functors between categories of representations of ﬁnite groups. We pay
special attention to two kinds of these monoidal functors: monoidal functors to vec-
tor spaces and monoidal equivalences between categories of representations. The
functors of the second kind induce isomorphisms of character tables. We show that
pairs of groups with the same character table obtained in this way are a generaliza-
tion of the construction proposed by B. Fischer (1988, Rend. Circ. Mat. Palermo (2)
Suppl. 19, 71–77).  2001 Academic Press
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1. INTRODUCTION
It is well known [11, 10] that monoidal functors from the category of
representations of a Hopf algebra gives rise to certain Galois-type algebraic
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objects. One way to see it is to use the existence of a distinguished object in
this category namely, the regular representation. Axiomatising inner prop-
erties of this object gives rise to the notion of a Galois (co)algebra. Then
evaluation of functors at this representation gives the correspondence.
We use this relation to describe monoidal functors from the category
of representations of a ﬁnite group to the category of vector spaces, and
monoidal equivalences between categories of representations (Section 2).
In his paper [9] Movshev basically described non-commutative Galois
algebras for ﬁnite groups over the complex numbers. We use his method to
obtain the classiﬁcation of Galois algebras over an arbitrary algebraically
closed ﬁeld and to show that any k-linear monoidal functor from the
category of representations of a ﬁnite group G over an algebraically closed
ﬁeld k into the category of vector spaces corresponds to a subgroup S of
the group G together with a cohomology class α ∈ H2S k∗, satisfying a
certain non-degeneracy condition (Section 3).
The relationship between automorphisms of a monoidal functor and
the corresponding Galois algebra helps us to describe monoidal functors
between categories of representations in group-theoretic terms.
Using some information about automorphisms of twisted group alge-
bras (Section 4) we calculate groups of automorphisms of Galois alge-
bras (Section 5). Then we apply it to investigate monoidal equivalences
between representation categories (Section 6). More precisely, it is shown
that the categories of representations of the ﬁnite groups G1G2 are equiv-
alent as monoidal categories if and only if the groups Gi are extensions
of a group Q by an abelian group S and the difference of the cohomol-
ogy classes of these extensions lies in the image of a certain quadratic
map D H2S k∗Q → H2Q S closely related to the differential of the
Lyndon–Hochschild–Serre spectral sequence. Algebraic properties of this
map (examined in Section 7) allow us to get a sufﬁcient condition for a
group to be characterized by its category of representations. Namely, if any
proper normal subgroup of the group G has trivial 2-part then any group
H with category of representations monoidally equivalent to G is
isomorphic to G. Conversely, certain cohomology calculations (Section 7)
show how to construct examples of groups with monoidally equivalent cat-
egories of representations. For example, for n > 1 two non-equivalent
extensions of the symplectic group Sp2n(2) by its fundamental module F
2n
2
have equivalent categories of representations. These groups appeared in the
paper of Fischer [3] where he constructed pairs of groups with the same
character tables. For n = 1 there is only one extension which coincides
with the symmetric group S4. The monoidal autoequivalence of the cate-
gory of representations S4 gives rise to a non-trivial automorphism
of the character table of S4. We examine this example in the last section
(Section 8) where we calculate characters of Galois algebras.
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2. GALOIS ALGEBRAS AND MONOIDAL FUNCTORS
This section is devoted to the relations between Galois algebras and
monoidal functors from categories of representations. Fix a basic ﬁeld k
which is assumed to be algebraically closed. All constructions of tensor
algebras such as tensor products ⊗ and Hom-spaces will be considered
over this ﬁeld. Denote by I the identity maps and by t X ⊗ Y → Y ⊗X
the standard permutation of tensor functors.
By kG we denote the category of ﬁnite dimensional k-representa-
tions of the ﬁnite group G. This category is monoidal (tensor) with respect
to the tensor product of underlying vector spaces equipped with the diago-
nal action. The forgetful functor to the category of vector spaces
ω kG →  
is (strong) monoidal. The category of representations contains a very special
object called the regular representation. As a vector space it coincides with
the space of functions kG = MapGk from the group G to the ground
ﬁeld. The G-action on kG, which makes it a G-representation, is given by
glx = lxg ∀ g x ∈ G l ∈ kG (1)
An object R of a monoidal category  is a unit associative algebra (or
monoid) in  if it is equipped with the maps
µ R⊗ R→ R multiplication ι 1 → R unit inclusion
satisfying the usual conditions
µµ⊗ I = µI ⊗ µ associativity
µI ⊗ ι = I = µι⊗ I unit axiom
The action (1) preserves pointwise multiplication on the function space
kG as well as the unit function  ∈ kG g ≡ 1. Thus kG is a
unit associative algebra in the category of representations kG. The
automorphism group of this inner algebra contains G. Indeed, the G-action
g ◦ lx ≡ lg−1x (2)
preserves the unit algebra structure and commutes with the G-action (1).
Let R be a unit associative algebra in a monoidal category  such that
the group G acts on it preserving the algebra structure; i.e., there is given a
group homomorphism G → AutRµ . We call this a G-algebra in the
category . Recall that a monoidal category  is k-linear if all its Hom-
sets are vector spaces over k and composition maps are k-linear. Later on
we will need a sort of generalization of this condition. More precisely, we
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will need to be able to tensor objects of our category by ﬁnite dimensional
vector spaces. In an invariant way we can deﬁne such a product V ⊗X as
the representative object:
HomV ⊗XY  = HomkVHomXY  ∀Y ∈  (3)
Note that if our k-linear category  is closed under direct sums, we can
construct V ⊗X explicitly, as a direct sum of dimV  copies of X. In par-
ticular, the category of representations kG has this property. For any
G-algebra R which is rigid as an object of the k-linear monoidal category
 closed under direct sums we can deﬁne a certain morphism
θ R⊗ωkG → R⊗ R∗ (4)
Here ωkG denotes the vector space spanned by the group G. Note that
for a G-algebra in a k-linear category the G-action on R can be written as
a morphism a ωkG ⊗ R → R satisfying obvious conditions. Now the
composition
R⊗ωkG ⊗ R I⊗a→ R⊗ R µ→ R
induces a morphism
R⊗ωkG → HomRR  R⊗ R∗
which we denote by θ. We call a G-algebra Galois if the corresponding map
θ is isomorphism. Note that if  is the category of vector spaces this deﬁni-
tion is equivalent to the standard deﬁnition of G-Galois algebra (see [8]).
It is a straightforward fact that kG is a Galois G-algebra in kG.
Recall that a functor F between k-linear categories is k-linear if the
maps HomXY  → HomFX FY  are k-linear. Since k-linear
monoidal functors preserve the Galois property then R = FkG is
a Galois G-algebra in the category  for any k-linear monoidal functor
F  kG → . The amazing fact is that this algebra characterizes the
monoidal functor F . This happens because kG is a cogenerator in cate-
gory of representations and the cogenerator structure is nicely compatible
with tensor product.
First we construct a functorial (in kG) collection of G-maps
λM  M → kG ⊗ωM
Consider an inclusion M → MapGωM sending m ∈ M to the func-
tion λMm g → gm. It is G-linear if we deﬁne the G-action on
MapGωM by formula (1). Since MapGωM with this action is
isomorphic to kG ⊗ωM in kG we get the desired λM .
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For MN ∈ kG we can deﬁne a map ˜λM ⊗ λN  M ⊗ N →
MapG × GωM ⊗ ωN similar to λ by sending m ⊗ n ∈ M ⊗ N to
the function ˜λM ⊗ λNm⊗n f ⊗ g → f m ⊗ gn. Then the formula
 ˜λM ⊗ λNm⊗nf × f  = f m ⊗ f n = f m⊗ n = λM⊗Nm⊗nf 
implies commutativity of the diagram






MN −→ MapG×GωM ⊗N
where # G → G ×G is the diagonal inclusion and ωMN  ωM ⊗N →
ωM ⊗ωN is the (identical) monoidal structure of the forgetful functor
ω. Replacing MapG × GωM ⊗ ωN with kG ⊗ kG ⊗ ωM ⊗
ωN and ˜λM ⊗ λN with the composition
M ⊗N λM⊗λN−→ kG ⊗ωM ⊗ kG ⊗ωN
t23−→ kG ⊗ kG ⊗ωM ⊗ωN
we get a commutative diagram in kG:




kG ⊗ωM ⊗ kG ⊗ωN t23−→ kG ⊗ kG ⊗ωM ⊗ωN
(5)
We can characterize the image λM in kG ⊗ωM using the second
G-action on kG given by the formula (2) and the G-action on ωM. First
note that the image of M in MapGωM coincides with the subspace of
G-linear maps
MapGGωM = l lgx = glx ∀ g x ∈ G
Then rewriting MapGωM as kG ⊗ ωM we identify MapG
GωM with the subspace kG ⊗G ωM of G-invariant elements with
respect to the diagonal action which comes from the second G-action on
kG and the G-action on ωM. In the case when the category of repre-
sentations kG is semi-simple (when chark G) we can characterize
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the subspace kG ⊗G ωM as an image of a certain projector, and iden-
tify it with the usual G-tensor product kG ⊗G ωM. In the general case,
kG ⊗G ωM is a kernel of a certain morphism in kG.
Now, using all the properties of the coherent maps λM stated above, we
can verify the main statement of this section.
Theorem 2.1. Let k be a ﬁeld of characteristic prime to the order of
the group G. Let  be a k-linear monoidal category closed under direct
sums in which any idempotent splits (pseudo-abelian category). Then the
correspondence F → R = FkG deﬁnes an equivalence between the cat-
egory of k-linear monoidal functors from the category of representations
kG to  and the category of Galois G-algebras in .
In particular, the group of monoidal automorphisms Aut⊗F of the functor
F is isomorphic to the group of G-automorphisms AutGR of the algebra
R = FkG.
Proof. Any k-linear monoidal functor F  kG →  preserves
Galois algebras. In particular, R = FkG is a Galois G-algebra in the
category . Using the coherent isomorphisms λM  M → kG ⊗G ωM
we can identify functor F with
M → R⊗G ωM = FkG ⊗G ωM  FM
The monoidal coherence isomorphism FMN ﬁts in to diagram




FM ⊗ FN FλM ⊗FλN −→ R⊗ωM ⊗ R⊗ωN
which commutes by diagram (5).
Finally, the correspondence F → R = FkG is obviously
functorial.
Remark 2.2. The previous result can be considered as an example of the
general “ﬁnite cocompletion” procedure studied in [2, 5].
The above theorem gives the following description of monoidal functors
between categories of representations.
Corollary 2.3. Let GH be ﬁnite groups and k be a ﬁeld of characteris-
tic prime to the order of the group G. Then the category of k-linear monoidal
functors between categories of representations kG and kH is
equivalent to the category of pairs R τ consisting of a Galois G-algebra R
and a group homomorphism τ H → AutGR.
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Composition of monoidal functors gives rise to an operation on Galois




giving the Galois G1-algebra R1 = FkG1 with extra G2-action and the
Galois G2-algebra R2 in the category . Then their composition corre-
sponds to the algebra
F2F1kG1 = F2R1 = R2 ⊗G2 R1
The particular case of monoidal equivalences corresponds to bi-Galois
algebras; namely, monoidal equivalences between the categories of repre-
sentations kG and kH correspond to bi-Galois G−H-algebras
which are Galois algebras with respect to the commuting actions of the
groups G and H. It can be seen by the symmetry of the notion of equiva-
lence or by referring to [10].
Remark 2.4. We can drop the semi-simplicity condition on the charac-
teristic of the ground ﬁeld assuming that the category  is abelian and
monoidal functors considered in the correspondence are left exact.
3. DESCRIPTION OF GROUP GALOIS ALGEBRAS
This section contains the description of Galois G-algebras for a ﬁnite
group G. We use ideas of Movshev’s paper [9] where he basically (in dif-
ferent terms) classiﬁed Galois G-algebras over the complex numbers. Here
we prove the same classiﬁcation result for an arbitrary algebraically closed
ﬁeld. In fact, the algebraic closedness of the ground ﬁeld is not an essential
condition. This assumption allows us to avoid dealing with division algebras
and ﬁeld extensions.
Now we recall the notion of Galois G-algebra in the category of vector
spaces. Let G be a ﬁnite group. An action of the group G on an associative
algebra R is a homomorphism of the group G into the group AutR of
automorphisms of the algebra R. An algebra, equipped with the action of
the group G, will be called a G-algebra. The image of an element r ∈ R by
the automorphism corresponding to the element g ∈ G will be denoted by
gr. The crossed product R ∗G of the algebra R and the group G acting
on it is the algebra spanned as a vector space by the elements r ∗ g for
r ∈ R and g ∈ G, satisfying the relations r + r ′ ∗ g = r ∗ g + r ′ ∗ g. The
multiplication in R ∗G is given by the rule
r ∗ gr ′ ∗ f  = rgr ′ ∗ gf ∀ r r ′ ∈ R g ∈ G
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A G-algebra R is Galois, if the homomorphism,
θ R ∗G→ EndR θr ∗ gr ′ = rgr ′ ∀ r r ′ ∈ R g ∈ G (6)
from the skew product R ∗G into the algebra of endomorphisms EndR
of the vector space R, is an isomorphism.
Here we characterize the Galois property in terms of ideals. An ideal J
of the G-algebra R will be called G-invariant, if
∀ r ∈ J g ∈ G gr ∈ J
Proposition 3.1. A G-algebra R is Galois if and only if R is of dimension
dimR = G and has no non-trivial G-invariant left ideals.
Proof. Let J be a G-invariant left ideal in R. Then θR ∗ GJ ⊂ J
and since θR ∗G = EndR the subspace J is invariant under all linear
endomorphisms of R. Hence J is trivial (is equal to 0 or R).
Conversely, we can consider the map θ as a R ∗G-module structure on
R. Since G-invariant left ideals in R are exactly R ∗G-submodules, R is a
simple R ∗G-module if R has no non-trivial G-invariant left ideals. Thus
θR ∗G is simple and coincides with EndR. Finally, since dimR ∗G =
dimRG = dimEndR the map θ is an isomorphism.
Since the Jacobson radical radR of the algebra R coincides with the
intersection of all maximal ideals, it is always G-invariant. Thus radR = 0
and R is semi-simple. In particular, any Galois G-algebra is a semi-simple
algebra.
Moreover, G acts transitively on the set of maximal two-sided ideals of
R. Indeed, the intersection of the maximal ideals from a G-orbit is a G-
invariant ideal J of the algebra R. Thus either it is equal to zero or coincides
with the algebra R. Hence the set of maximal two-sided ideals of the algebra
R has no non-trivial G-orbits.
By the Wedderburn–Artin theorem, any semi-simple algebra R is iso-
morphic to the direct sum of its simple quotient algebras (quotients by
maximal ideals). Since the action of the group G on the set of maximal
ideals is transitive, all simple factors of the algebra R are isomorphic to
each other. Choose a maximal ideal M of the algebra R. The stabiliser S
of this maximal ideal acts on the quotient B = R/M . Here we describe a
construction which allows us to build a G-algebra from a subgroup S of the
group G and an S-algebra B. Consider the space of functions
r G→ B rsg = srg ∀ s ∈ S g ∈ G
with the pointwise multiplication. Deﬁne the action of the group G
on it by frg = rgf . Denote this G-algebra by indGS B and say
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it is induced from the S-algebra B. Induction is a functor: a homo-
morphism of S-algebras f  B → C induces the homomorphism of G-
algebras indGS f  indGS B → indGS C. The inclusion of a simple factor
B = R/M into the Galois G-algebra R can be extended to the homo-




g∈G g−1rg. Since the expression g−1rg depends only on the
coset Sg, then this sum is deﬁned for any characteristic. Transitivity of
the G-action on maximal ideals guarantees surjectivity of this map. Com-
paring dimensions we see that the homomorphism indGS B → R is an
isomorphism. In particular, indGS B is a Galois G-algebra.
Proposition 3.2. The algebra indGS B is a Galois G-algebra if and only
if the algebra B is a Galois S-algebra.
Proof. The “only if” part follows from the commutative diagram of
algebras,
indGS B ∗G
θindGS B−→ EndindGS B

B ∗ S θB −→ EndB
with the right vertical arrow being induced by the splitting (non-unit) inclu-
sion B  r ∈ indGS B rg = 0 ∀ g /∈ S ⊂ indGS B and the left arrow
given by the inclusions B ⊂ indGS B and S ⊂ G.
It follows from this diagram that, for a Galois algebra indGS B, the
map θB is an inclusion. It is an isomorphism since dimBG:S =
dimindGS B = G and dimB ∗ S = dimEndB.
Conversely, indGS B has no non-trivial G-invariant ideals. Indeed, if J ⊂
indGS B is an ideal then J1 = r1 r ∈ J ⊂ B is an ideal. If J is G-
invariant then J1 is S-invariant: for any r ∈ J sr lies in J again, and
sr1 = rs = sr1.
Since B is a Galois S-algebra, J1 is trivial. Finally, by G-invariance, J is
trivial as well.
The above proposition implies that the algebra B = R/M is a Galois S-
algebra. As a ﬁnite dimensional simple algebra over an algebraically closed
ﬁeld, B is isomorphic to the algebra EndV  of endomorphisms of a vector
space (simple B-module). By the Noether–Skolem theorem, any automor-
phism of this algebra is inner. In other words, the group of automorphisms
AutEndV  coincides with the projective linear group PGLV  (the quo-
tient of the full linear group GLV  by its centre, consisting of the scalar
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matrices). Thus, the action of the group S on this algebra is a projective rep-
resentation S → PGLV  in the space V . Choosing a lifting p S → GLV 
of the homomorphism S → PGLV , we can deﬁne the action of S on
EndV  explicitly
sx = psxps−1 ∀x ∈ EndV  s ∈ S
Moreover, this lifting deﬁnes a 2-cocycle α ∈ Z2S k∗ (multiplier)
αs t = pst−1pspt
and a homomorphism from a certain algebra deﬁned by the cocycle α
(twisted group algebra)
kS α → EndV  (7)
Note that the class of the cocycle α in the second cohomology group
H2S k∗ does not depend on the choice of the map p S → GLV . The
twisted group algebra kS α corresponding to the 2-cocycle α ∈ Z2S k∗
is the vector space, spanned by the vectors es, labeled by the elements s of
the group S, with the multiplication
eset = αs test 
The homomorphism kS α → EndV  sends es into ps. This homomor-
phism is a homomorphism of S-algebras if the action S on kS α is deﬁned
by conjugation:
set = esete−1s  (8)
Note that twisted group algebras corresponding to cohomologous cocycles
are isomorphic as S-algebras.
Proposition 3.3. Let EndV  be a Galois S-algebra. Then the homomor-
phism kS α → EndV , deﬁned by the action of the group S on the algebra
EndV , is an isomorphism.
Proof. Let U ⊂ V be a kS α-invariant subspace. Then HomVU is
a S-invariant left ideal in EndV  which is trivial by the Galois property.
We have proven that the space V does not have non-trivial kS α-
invariant subspaces which means that V is simple as a kS α-module and
the homomorphism kS α → EndV  is onto. By a dimension argument
dimEndV  = G = dimkS α, we immediately have that this is an
isomorphism.
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Now we describe those cocycles α ∈ Z2S k∗ which correspond to sim-
ple Galois S-algebras. Note that, for any s ∈ S, the map
αs CSs → k∗ t → αst =
αs t
αt s (9)
is a homomorphism from the centralizer of the element s.
We start with a necessary condition for a cocycle to correspond to some
simple Galois algebra. Since for such cocycles the twisted group algebra is
simple non-commutative, its centre should be one dimensional.
Lemma 3.4. The dimension of the centre ZkS α of the twisted group
algebra kS α is equal to the number of conjugacy classes of the group S
(including the identical) for which the homomorphism (9) is trivial.
Proof. The element z = ∑s∈S zses lies in the centre of the twisted
group algebra iff the product etz =
∑
s∈S αt szsets coincides with
zet =
∑
s∈S αs tzsest for any t from S. Comparison of the coefﬁcients
of ets in both expressions provides the equations
αtst−1 tztst−1 = αt szs ∀ s t ∈ S (10)
on the coefﬁcients of z, equivalent to the centrality of z. Let s be an element






of the twisted group algebra lies in the centre and does not depend (up to
multiplication by a nonzero constant) on the choice of s in its conjugacy
class. On the other hand, the condition (10) implies that zs = 0 for any
element s for which the homomorphism (9) is non-trivial. Hence, any centre
element is a linear combination of the elements zs.
Following [9] we call a 2-cocycle α ∈ Z2S k∗ non-degenerate if, for any
s ∈ S, the homomorphism (9) is non-trivial. Note that a cocycle cohomolo-
gous to a non-degenerate cocycle is also non-degenerate.
Proposition 3.5. The following conditions on a twisted group algebra
kS α are equivalent:
(1) kS α is simple central (i.e., the centre of kS α coincides with k),
(2) kS α is a Galois S-algebra with respect to the conjugation S-
action,
(3) the characteristic of the ﬁeld k is prime to the order of the group G
and the cocycle α is non-degenerate.
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Proof. Since an S-invariant left ideal is exactly a two-sided ideal the ﬁrst
two conditions are equivalent by Proposition 3.1.
If kS α is Galois then as we saw above α is non-degenerate. Moreover,




























where sj j is a set of representatives for the cosets S/CSt. By non-
degeneracy of α, the sum θ∑s∈S 1 ∗ set equals zero for any non-identical
t ∈ S. The value of the operator θ∑s∈S 1 ∗ s on the identity is S. Thus
injectivity of θ implies that chark  S.
Conversely, it is well known (see, for example, [6]) that chark  S
implies the twisted group algebra kS α is semi-simple. Now it follows
from semi-simplicity that kS α is simple if its centre is trivial.
Remark 3.6. Note that the group which possess a non-degenerate 2-
cocycle can be characterized as the quotient by the centre of a group of
central type [7].
Remark 3.7. It can be veriﬁed directly by cohomology arguments that if
α ∈ Z2S k∗ is non-degenerate then chark  S.
The next theorem is the main theorem of this section and is a collection
of results proved above.
Theorem 3.8. Let k be an algebraically closed ﬁeld. Then the isomor-
phism classes of Galois G-algebras correspond one-to-one to the conjugacy
classes of the pairs SA, where S is a subgroup of the group G of order prime
to chark and A ∈ H2S k∗ is the class of a non-degenerate 2-cocycle.
A Galois G-algebra corresponding to the pair SA can be constructed
explicitly as the algebra of functions,
RGS α = r G→ kS α rsg = srg ∀ s ∈ S g ∈ G
where α ∈ Z2S k∗ is a representative of the class A and the action of the
group G on RGS α is given by the rule fφg = φgf .
Using Corollary 2.3 we can reformulate the theorem above in terms of
monoidal functors from categories of representations to vector spaces.
Corollary 3.9. Let k be an algebraically closed ﬁeld. Then the isomor-
phism classes of monoidal functors kG →  k correspond one-to-
one to the conjugacy classes of the pairs SA, where S is a subgroup of
the group G of order prime to chark and A ∈ H2S k∗ is the class of a
non-degenerate 2-cocycle.
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At the end of this section we will give the description of non-degenerate
classes of H2S k∗ in the case of an abelian group S. We call a bimulti-
plicative form A S ⊗ S → k∗ on an abelian group S alternative if As s =
1 for any s ∈ S. We deﬁne by Hom52S k∗ the group of all alternative
bimultiplicative forms. The following fact is standard but for the sake of
completeness we equip it with the sketch of a proof.
Lemma 3.10. Let S be a ﬁnite abelian group. For any 2-cocycle
α ∈ Z2S k∗ the form
A S × S → k∗ As t = αs t
αt s
is bimultiplicative and alternative. The map
Z2S k∗ → Hom52S k∗ α → A (11)
gives an isomorphism H2S k∗ → Hom52S k∗.
Proof. Using exactness of the universal coefﬁcients sequence
0 → Ext1H1S k∗ → H2S k∗ → HomH2S k∗ → 0
and divisibility of the group k∗ for an algebraically closed ﬁeld k,
we can see that the map H2S k∗ → HomH2S k∗ is bijective.
The second homology H2S of an abelian group S coincides with
52S = S ⊗ S/s ⊗ s s ∈ S. Now direct checking shows that the iso-
morphism H2S k∗ → Hom52S k∗ sends the class of a cocycle α into
As t = αs tαt s−1.
We will identify the class α ∈ H2S k∗ of a cocycle α with the
corresponding alternative form A. The non-degeneracy of the class α
corresponds to the ordinary non-degeneracy of the bimultiplicative form:
As ? S → k∗ is a non-trivial homomorphism for any non-identical s ∈ S.
4. SPECIAL AUTOMORPHISMS OF TWISTED
GROUP ALGEBRAS
The results of this section are auxiliary and will be used in the next
sections. Here we investigate some automorphisms of the twisted group
algebra kS α, namely, those which normalise the image of the groups S
in the automorphism group AutkS α.
Let F be a group of automorphisms of the group S which sta-
bilise an arbitrary (not necessarily non-degenerate) cohomology class
α ∈ H2S k∗. Equip the set
NF S α = f c f ∈ F c ∈ C1S k∗ f−1αdc = α
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with the product
f1 c1f2 c2 = f1f2 f−12 c1c2
The set NF S α is closed under this product:
f1f2−1αdf−12 c1c2 = f−12 f−11 αdc1dc2 = f−12 αdc2 = α
Indeed, this is a group structure on NF S α with inverse f c−1 =
f−1 f c−1.
Note that for any f c ∈ NF S α the restriction cSf of c to the sub-
group Sf = s ∈ S f s = s of f -invariant elements is a character.
By deﬁnition the natural projection NF S α → F is a surjective group
homomorphism with the kernel Ŝ = e c c ∈ C1S k∗ dc = 1.
Denote by DFS α ∈ H2F Ŝ the cohomology class of the extension
Ŝ → NF S α → F . Note that the map DF  H2S k∗F → H2F Ŝ
coincides with the differential
d
0 2
2  H0FH2S k∗ → H2FH1S k∗
of the Lindon–Hochschild–Serre spectral sequence associated with the split
extension S → F S → F . We will not use this presentation and think of
DFS α only as an extension class.
The group NF S α is of interest to us because of its natural action
on the algebra kS α given by f ces = csef s. Associativity of this
action follows from the deﬁnition of the product of NF S α:
f1 c1f2 c2es = c1f2sc2sef1f2s = f1f2 f−12 c1c2es
It follows from the deﬁnition of the action that the image of the group
NF S α normalises the image of S (by the conjugation action) in the
automorphism group AutS.
Let StAutSα denote the stabiliser in the automorphism group AutS
of the cohomology class α ∈ H2S k∗. Deﬁne the homomorphism
θ S → NStAutSα S α (12)
by setting s → fs cs where fst = sts−1 and cst = αs tαsts−1 s−1.
The property f−1s αdcs = α can be checked directly:
dcst1 t2 =
αs t1αs t2αst1t2s−1 s
αst1s−1 sαst2s−1 sαs t1t2
= αt1 t2αs t2αst1s
−1 st2
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The composite of the homomorphisms S
θ→NStAutSα S α →
AutkS α coincides with the natural homomorphism given by the con-
jugation action. Indeed, an element fs cs acts on kS α as conjugation
by es eset = αs test coincides with
fs csetes = αs tαsts−1 s−1ests−1es
In particular, the image of S in NStAutSα S α is a normal subgroup
which also follows directly from the equation
f cfs cs = ff s cf sf c (13)
Since the kernel of the action of NStAutSα S α on kS α is trivial
we can check this equation in AutkS α:
f cfs cset = f cesete−1s 
= ctef sef te−1f s = ff s cf sf cet
In the next proposition we summarize some properties of the groups
NF S α.
Proposition 4.1. (1) (covariance in F) Let F , F ′ be groups of auto-
morphisms of a group S, stabilizing a cohomology class α ∈ H2S k∗ and
φ F → F ′ be a group homomorphism such that φf s = f s for any s ∈ S.
Then the group homomorphism NF S α → NF ′ S α deﬁned by sending
f c to the pair φf  c ﬁts into the commutative diagram of extensions,
Ŝ → NF S α → F
 ↓ ↓
Ŝ → NF ′ S α → F ′
and preserves the actions of both groups on kS α.
(2) (contravariance in S) Let F be a group of automorphisms of groups
S S′ stabilizing cohomology classes α ∈ H2S k∗ α′ ∈ H2S′ k∗ and i:
S′ → S be a group homomorphism such that αs s′ = α′is is′ for any
s s′ ∈ S′. Then the group homomorphism NF S α → NF S′ α′ deﬁned
by sending f c to f ci ﬁts into commutative diagram of extensions,
Ŝ → NF S α → F
↓ ↓ 
Ŝ′ → NF S′ α → F
and is compatible with the actions of the groups on kS α kS′ α′, respec-
tively,
f ceis = f cies
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(3) Let F act trivially on S. Then the group NF S α is isomorphic to
the direct product F × Ŝ.
(4) Let F stabilise the 2-cocycle α. Then the group NF S α is iso-
morphic to the semi-direct product F Ŝ.
(5) Let the cocycle α be a coboundary: α = dν. Then the map
f c → f cf νν−1 is an isomorphism of NF S α with the semi-direct
product F Ŝ.
(6) The assignment f c → f ci deﬁnes a homomorphism NF S
α → NF S αi which ﬁts into the commutative diagram of extensions:
Ŝ → NF S α → F
↓ i ↓ ↓
Ŝ → NF S αi → F
Proof. Direct checking.
Now we interpret some of the previous results in terms of cohomology
classes DFS α.
Denote by
kerα = s ∈ S αs t = αt s ∀ t ∈ S
the kernel of the 2-cocycle α. If S is an abelian group, then K is a subgroup
of S.
Proposition 4.2. (1) Let F0 be the kernel of the action F → AutS.
Then the natural homomorphism H2F/F0 Ŝ  → H2F Ŝ  sends DF/F0S α
to DFS α.
(2) Let S be an abelian group and K = kerα be the kernel of the
cocycle α. Then the natural homomorphism H2F ˆS/K → H2F Ŝ  sends
DFS/KαS/K to DFS α.
Proof. (1) The statement is implied by the following commutative dia-
gram with exact rows and columns:
F0 = F0
↓ ↓
Ŝ→ NF S α → F
 ↓ ↓
Ŝ→NF/F0 S α→ F/F0
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(2) Fix the choice of the section σ  S/K → S of the quotient map
and ν ∈ C1Kk∗ such that dν = αK . Using them we can deﬁne the
cocycle β ∈ Z2S/Kk∗ by
βsK tK = νψsK tKασsK σtK
ασstK ψsK tK  (14)
where ψsK tK = σsKσtKσstK−1 ∈ K. For this cocyle β we can
deﬁne the homomorphism NF S α → K̂ by the assignment f c →
cKν−1f−1ν. This homomorphism ﬁts into the following commutative
diagram with exact rows and columns:
K̂ = K̂
↑ ↑
Ŝ → NF S α →F
↑ ↑ 
ˆS/K→NF S/Kβ→F
which proves the statement of the proposition.
We end this section with another characterization of NF S α as auto-
morphism group.
Proposition 4.3. Let H be an extension M → H → S corresponding to
the 2-cocycle α ∈ Z2SM. Then NStAutSα S α is isomorphic to the
group of automorphisms of H which are the identity on the subgroup M .
Proof. The group H can be represented as the set S ×M with the
operation:
sms′m′ = ss′ αs s′mm′
Deﬁne the action of NF S α on H:
fcsm = f s csm
The associativity of this action can be checked directly,
fcf ′c′sm = ff ′ f ′−1cc′sm = ff ′s cf ′sc′sm
and coincides with
f cf ′ c′sm =fc f ′s c′sm
This action preserves the group operation of H by
fcsms′m′ =fc ss′ αs s′mm′ = f ss′ css′αs s′mm′
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and coincides with
fcsmfcs′m′ = f s csmf s′ cs′m′
= f sf s′ αf s f s′cscs′mm′
since css′αs s′ = αf s f s′cscs′ by the deﬁnition of NF S α.
It can be seen from the deﬁnition that the action of NStAutSα S α
on H is faithful and preserves the subgroup M = emm ∈M. Now if
an automorphism φ of H is the identity on M then it deﬁnes the automor-
phism f of the quotient group S = H/M and the map c S →M such that
φs 0 = f s cs. Thus φsm =fc sm.
5. AUTOMORPHISMS OF GALOIS ALGEBRAS
In this section we describe groups of automorphisms of Galois algebras.
Let us denote by AutGR the automorphism group of the G-algebra R
which is the group of automorphisms of the algebra R, commuting with the
action of the group G. Any automorphism of the G-algebra R induces an
automorphism of G-set SpecR of maximal ideals of R. In the case of a
Galois algebra the action of the group G on the set of maximal ideals is
transitive. Hence we can identify SpecR with the G-set G/S of cosets of
some subgroup S (the stabiliser of some maximal ideal).
Lemma 5.1. The group of G-automorphisms of the G-set G/S is isomor-
phic to the quotient NGS/S of the normaliser NGS of the subgroup S in
the group G.
The automorphism corresponding to the coset fS ∈ NGS/S sends
gS ∈ G/S into gfS.
Proof. An automorphism φ of the set G/S commuting with the natural
left action of G is deﬁned by its value at the coset of the identity:
φgS = gφS ∀ g ∈ G
Let φS = fS for some f ∈ G. Since
fS = φS = φsS = sφS = sfS ∀ s ∈ S
the element f lies in the normaliser NGS of the group S and it is deﬁned
up to elements of S.
Now we shall describe the kernel of the action of the group AutGR
on set of maximal ideals of the Galois algebra R. It consists of those auto-
morphisms which preserve maximal (and hence all) ideals of R. It can be
checked, using the realization of the algebra R as indGS B for some S-
algebra B, that these automorphisms are induced by automorphisms of the
algebra B.
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Lemma 5.2. The natural homomorphism
indGS  AutSB → AutGindGS B
identiﬁes the group AutSB with the kernel of the action of AutGindGS B
on the set of maximal ideals of the algebra indGS B.
Proof. Let φ be an automorphism of the Galois G-algebra indGS B.
Since φ commutes with the action of G, it is deﬁned by its action on the
minimal ideal
L = a ∈ indGS B ag = 0 ∀ g /∈ S
Indeed,
φag = gφae = φgae = φa˜e
where a˜f  = afg, if f ∈ S and 0, otherwise. Since the automorphism φ
preserves maximal ideals, it is deﬁned by its restriction ψ on the ideal L.
This ideal is a subalgebra of indGS B. The map a → ae identiﬁes it with
the algebra B. Thus the automorphism φ coincides with indGS ψ.
Recall from Section 3 that the quotient algebra B of the algebra A by a
maximal idealM is a simple Galois S-algebra where S is the stabiliser of the
ideal M . Choosing a simple B-module V , we can identify B with EndV .
This identiﬁcation deﬁnes a projective representation S → PGLV  =
AutB. Denote by β ∈ H2S k∗ the class of the corresponding multiplier.
Also note that the natural conjugation action of the normaliser NGS on
S gs = gsg−1 deﬁnes the action of NGS on the cohomology H∗S k∗
and the kernel of the cohomologous action contains S.
Lemma 5.3. The image of the homomorphism AutGA → NGS/S
deﬁned by the action on maximal ideals stabilises the class of the multiplier
β ∈ H2S k∗.
Proof. By Lemma 5.1, for any φ ∈ AutGA, there is g ∈ NGS such
that φM = gM. The automorphism g−1φ stabilises the maximal ideal
M; hence, for its restriction ϕ ∈ AutB, for any s ∈ S we have
ϕs = g−1φSs = g−1φsS = g−1sg−1φS = g−1sϕ
Identify B with the endomorphism algebra EndV  of some vector space V .
Choosing a section q PGLV  → GLV  we can deﬁne a map c S → k∗
such that
qg−1s = csqϕqsqϕ−1
and a 2-cocycle (commutator) α ∈ Z2S k∗ by
αs t = qst−1qsqt
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Now it is not hard to verify that the class α ∈ H2S k∗ is g-invariant:
gαs t = αg−1s g−1t
= cst−1csctqϕαs tqϕ−1 = dcs tαs t
Using a realization of a simple S-algebra B as a twisted group algebra
kS α we can describe the group AutSB of its automorphisms.
Lemma 5.4. Let α ∈ Z2S k∗ be a non-degenerate 2-cocycle. Then the
group AutSkS α of those automorphisms of the twisted group algebra
kS α which commute with the conjugation action of S is isomorphic to
the group Ŝ = HomS k∗ of characters of the group S. The automorphism
ψc corresponding to the character c sends the generator es into cses.
Proof. The twisted group algebra kS α is simple for a non-degenerate
2-cocycle α. Hence by the Noether–Skolem theorem, any automorphism φ
of it is inner:
φx = fxf−1 for some invertible f ∈ kS α
Since the automorphism φ commutes with the elements of the group S,
there is a map c S → k∗ such that fes = csesf for all s ∈ S. Moreover,
the map c is a group homomorphism which does not depend on the choice
of the element f . Thus we have a map
AutSkS α → Ŝ
which is a homomorphism of groups. Elements of its kernel correspond
to those f which lie in the center of kS α. Thus the kernel is triv-
ial. The surjectivity of this map follows from the explict construction of
an automorphism corresponding to a character which was given in the
lemma.
Combining all the results proved above, we see that the group of G-
automorphisms of the Galois G-algebra R = RGS α corresponding
to the subgroup S and non-degenerate α ∈ Z2S k∗ ﬁts into the exact
sequence,
1 → Ŝ → AutGR → StNGS/SA (15)
where Ŝ = HomS k∗ is the group of characters of S and StNGS/SA
is the stabiliser of the cohomology class A = α by the natural action of
NGS on H2S k∗.
Now we prove surjectivity of the last map in (15) and describe the auto-
morphism group of the Galois extension more explicitly in terms of the
groups NF S α deﬁned in the previous section.
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Theorem 5.5. Let R = RGS α be the Galois G-algebra correspond-
ing to the subgroup S and the non-degenerate cocycle α ∈ Z2S k∗ with class
A = α. Then the group of G-automorphisms AutGR ﬁts into a commuta-
tive diagram with short exact rows and columns:
Ŝ → AutGR → StNGS/SA↑ ↑ ↑
Ŝ → NStNGSA S α → StNGSA↑ ↑
S = S
Proof. We start with the deﬁnition of the homomorphism NStNGSA,
S α → AutGR. We extend the action of NStNGSA S α on kS α
deﬁned in the previous section to the action on RGS α: for f c ∈
NStNGSA S α and a ∈ RGS α deﬁne f ca to be the function
f cag = f caf−1g ∀ f ∈ G
The property f cs = fsf−1f c ∀ s ∈ S of the automorphisms of the
twisted group algebra kS α (formula (13)) guarantees that the function
f ca is S-invariant (i.e., belongs to RGS α):
f casg = f caf−1sg = f caf−1sff−1g
= f cf−1sfaf−1g = sf cag
The image of the homomorphism θ S → NStNGSA S α (formula
(12)) lies in the kernel of this action:
θsag = sas−1g = ag ∀ s ∈ S g ∈ G
We need to show that the quotient group NStNGSA S α/θS is iso-
morphic to AutGA. Indeed, the composition
NStNGSA S α → AutGA → NGS/S
coincides with the composition
NStNGSA S α → NGS → NGS/S
of the natural projection and the quotient map. Hence the image of
NStNGSA S α/θS by the composition
NStNGSA S α/θS → AutGA → NGS/S
coincides with StNGSA, and the kernel is equal to Ŝ.
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6. BI-GALOIS ALGEBRAS AND MONOIDAL EQUIVALENCES
Proposition 6.1. Let R = RGS α be the Galois G-algebra corre-
sponding to the pair S α. It is a Galois AutGR-algebra if and only if S is a
normal abelian subgroup of G and the class α ∈ H2S k∗ is G/S-invariant.
Proof. First note that the order of the group G is equal to the dimen-
sion of (any) Galois G-algebra. Thus if R is a Galois AutGR-algebra then
the order of the group G coincides with the order of AutGR. Using the
description of AutGR given in Theorem 5.5 we can see that this corre-
sponds to the case of normal abelian subgroup S and G/S-invariant class
A = α.
The “if” part of the theorem can be reduced to the case of simple R.
Indeed, by arguments of Section 3 we can identify R with the induced
algebra indAutGR
Ŝ
kS α. By Proposition 3.2 this is a Galois AutGR-
algebra iff kS α is a Galois Ŝ-algebra.
Now since kS α ∗ Ŝ is semi-simple to show that θkS α ∗ Ŝ  coincides
with EndkS α, it is enough to check that kS α has no non-trivial
θkS α ∗ Ŝ -invariant subspaces. Finally, note that kS α-invariant sub-
spaces are left ideals and that any θ1 ∗ Ŝ -invariant subspace is spanned
by some subset of the basis es s ∈ S.
It follows from the proposition above that with any normal abelian
subgroup S ⊂ G and a non-degenerate 2-cocycle α ∈ Z2S k∗ with G/S-
invariant cohomology class we can associate the group AutGRGS α
and monoidal equivalences G → AutGR deﬁned by the
algebra RGS α which is simultaneously a Galois G- and AutGR-
algebra, i.e., bi-Galois G − AutGR-algebra. We will call the group
AutGRGS α a reconstruction of G along S α and denote it by
DGS α. By Theorem 5.5 we have the following diagramatic description
of the group DGS α:
Ŝ → DGS α → G/S
↑ ↑ ↑




Corollary 6.2. The categories of representations of ﬁnite groups G1, G2
over an algebraically closed ﬁeld k are monoidally equivalent if and only if
there exist a normal abelian subgroup S ⊂ G1, a non-degenerate G1-invariant
2-cohomology class α ∈ H2S k∗, and an isomorphismG2 → DG1 S α.
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Here we give alternative and more symmetric data deﬁning bi-Galois
algebras and thus monoidal equivalences between categories of represen-
tations.
Theorem 6.3. Let S be an abelian group and α ∈ Z2S k∗ be an non-
degenerate 2-cocycle. The following data deﬁne a bi-Galois G1 −G2-algebra:
two normal inclusions S ⊂ G1G2, such that the 2-cohomology class α ∈
H2S k∗ is G1- and G2-invariant, an isomorphism G1/S → G2/S = Q,
and a homomorphism G1 ×Q G2 → NQ S α ﬁtting into the commutative
diagram with exact rows and columns,
Q = Q
↑ ↑
S → G1 ×Q G2 → NQ S α
 ↑ ↑
S → S × S → Ŝ
where S → S× S is the diagonal embedding and S× S → Ŝ is the composition
of the subtraction map S × S → S and the pairing A S → Ŝ.
Proof. The homomorphism G1 ×Q G2 → NQ S α allows us to
make the group G1 ×Q G2 act on the algebra kS α. Deﬁne R to be
indG1×G2G1×QG2kS α. By the deﬁnition this is a G1 × G2-algebra. Now we
will use the following obvious property of induced algebras: indGS = indHH∩S
for such H ⊂ G that H/H ∩ S  G/S. Setting H = Gi we can identify R
as a Gi-algebra with ind
Gi
S kS α = RGi S α. Thus R is a bi-Galois
G1-G2-algebra.
7. COHOMOLOGY CALCULATIONS
Here we give some necessary condition for the group AutGR to be
different from G in terms of the cohomology class DG/SS α ∈ H2G/S Ŝ 
of the extension Ŝ → NG/S S α → G/S.
Proposition 7.1. Suppose that the class DG/Sα ∈ H2G/S Ŝ  is triv-
ial. Then the group AutGR is isomorphic to G.
Proof. Since S is abelian it lies in the kernel of the action G→ AutS.
By Proposition 4.2.1, DG/Sα = 0 implies DGα = 0 which means
that the surjection NGS α → G splits. Using this splitting and the map
θ S → NGS α we can construct a homomorphism from the semi-direct
product of G and S to NGS α which will be an isomorphism. Finally,
by diagram (16) we have AutGR  G.
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We start our analysis with the case when the group S has no 2-torsion.
Lemma 7.2. Suppose that the abelian group S has no 2-torsion. Then the
natural projection Z2S k∗ → H2S k∗ splits and the splitting can be cho-
sen to be AutS-invariant.
Proof. It can be checked directly that any bimultiplicative map S⊗ S →
k∗ is a 2-cocycle. Thus we can consider Hom52S k∗ as a subgroup of
Z2S k∗. The restriction of the map (11) Z2S k∗ → Hom52S k∗ =
H2S k∗ to this subgroup is the square map. Since S has no 2-torsion the
square map is isomorphism. Now it is enough to note that all considered
maps are AutS-invariant.
Using the lemma above we can see that if the group S has no 2-torsion
then the stabiliser StAutSα of any cohomology class α stabilises the
cocycle α itself. By Proposition 4.1(4) the group NStAutSα S α is the
semi-direct product of StAutSα and Ŝ. In particular, DGα is trivial
and by Proposition 7.1 the group AutGR is isomorphic to G. In particular,
we have the following:
Corollary 7.3. LetG be a ﬁnite group such that the 2-part of any abelian
normal subgroup is trivial. Then, for any monoidal equivalence G 
H, the group H is isomorphic to G.
Now we consider the case of a 2-torsion group S.
First we reduce the veriﬁcation of the statement to the case of an ele-
mentary abelian 2-group S. Consider the homomorphism
NStAutSα S α → NStAutSα S α2
m−1
deﬁned in Proposition 4.1(6). The kernel E = kerα2m−1 of the 2-cocycle
α2
m−1
coincides with S/S2m−1 and is elementary abelian. Deﬁne by β ∈
Z2Ek∗ a cocycle representing the class α2m−1E ∈ H2Ek∗.
Now using Proposition 4.2(2) we can see that the images of 2m−1×
D
StAutSα
S α = D
StAutSα
S α2
m−1 and DStAutEβE β by the homo-
morphisms
H2StAutSα Ŝ  → H2StAutSα Ê  ← H2StAutEβ Ê 
coincide. Hence, if the class D
StAutEβ
E β is non-trivial, the same is true
for the class D
StAutSα
S α.
Finally, let E = E2n2 be an elementary abelian 2-group of rank 2n and
B 52E → k∗ be a non-degenerate alternative bimultiplicative form cor-
responding to the cocycle β. Then the automorphism group StAutEB
coincides with symplectic group Sp2n2. We shall prove that the class
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Sp2n2
E B is non-trivial for n > 1 and generates the cohomology group
H2Sp2n2 ̂E2n2. It was proven in [4] that this group is generated by
the class of the extension ̂E2n2 → AutH → Sp2n2 where AutH is
the automorphism group of the Heisenberg group H which is an extension
of E by µ2 = ±1 corresponding to the cohomology class B ∈ H2Bµ2.
Now we show that the group AutH coincides with NSp2n2 E2n2 β.
First we will use the following lemma to replace the cocycle β ∈ Z2Bk∗
by a cohomologous cocycle which takes values in µ2 ⊂ k∗.
Lemma 7.4. Let k be an algebraically closed ﬁeld of characteristic zero
and S a ﬁnite abelian group. Then for any 2-cocycle α ∈ Z2S k∗ there
exists a number n ( for example, the order of the cohomology class α) and
a coboundary c ∈ C1S k∗ such that the 2-cocycle dcα takes its values in
the group of nth roots of unity µn ⊂ k∗.
Proof. Consider the cohomologous long exact sequence associated with
the short exact sequence of coefﬁcients 1 → µn → k∗
n→ k∗ → 1
· · · → HiSµn → HiS k∗
n→ HiS k∗ → · · · 
Since αn = 1 the class α lies in the image of the map H2Sµn →
H2S k∗.
Finally, Proposition 4.3 shows that NSp2n2 E2n2 β is isomorphic
to AutH. Summarizing all the above we can state the following result.
Proposition 7.5. Let S be a 2-torsion group with non-degenerate 2-
cocycle α ∈ Z2S k∗. Let expS = 2m be the exponent of S and suppose
that the rank of the elementary abelian 2-group S/S2m−1 is greater than 1. Then
the class D
StAutSα
S α is non-trivial.
Example 7.6. Groups with the same character table. Let S = F2n2 be the
elementary abelian 2-group of rank 2n equipped with a non-degenerate
alternative bilinear form    S ⊗ S → F2. Let α ∈ Z2S k∗ be any cocy-
cle with the property αs t = −1stαt s for any s t ∈ S. The group
StAutSα coincides with the group of linear automorphisms of F2n2 pre-
serving the non-degenerate alternative bilinear form and is the symplectic
group Sp2n2. As was mentioned above, the second cohomology group
H2Sp2n2F2n2  consists of two elements for n > 1. Thus we have two
different extension groups: one is the split extension or the afﬁne sym-
plectic group AffSp2n2 and the other is non-split usually denoted by
22nSp2n2. Since the class Dα generates the group H2Sp2n2F2n2 
these groups are the reconstructions of each other along the subgroup F2n2 .
Hence their categories of representations are equivalent as monoidal cat-
egories. In particular, they have the same complex character table. This
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was proven directly in [3] where it was also checked that these groups are
non-isomorphic as abstract groups.
For n = 1 we have only one extension group of F2n2 by Sp2n2. This
split extension coincides with the symmetric group S4. The normal abelian
2-subgroup which in this realization appears as a Klein subgroup V4 ⊂ S4
gives rise to a bi-Galois algebra and hence to a monoidal autoequivalence
of the category of representations S4. This monoidal autoequivalence
induces an automorphism of the character table of S4 which appears to be
non-trivial. We deal with this example in more detail in the next section.
8. CHARACTERS OF GALOIS ALGEBRAS
We start with describing the character of the NF S α-representation
given by the action of the group the NF S α on the algebra kS α.
Recall (see Section 4) that for any element f c ∈ NF S α the restriction
cSf to the invariant subgroup Sf = s ∈ S f s = s is a linear character.
In particular its scalar product with the trivial representation 1 cSf is
deﬁned and has values 0 or 1.
Lemma 8.1. The character κ of the NF S α-representation in kS α
(see Section 4) has the form
κf c = Sf 1 cSf 
Proof. For an element f c ∈ NF S α, decompose kS α into
the direct sum of invariant subspaces ⊕k where the sum is taken
over f -orbits in S and k is spanned by es for s ∈ . Let  =
s f s     fm−1s be an orbit of length m and x = ∑i xief is ∈ k
be an eigenvector of the element f c with eigenvalue λ. The equation
f cx = λx gives the following relation for the coefﬁcients of x:
λxi+1 = csxi ∀ i (17)
In particular, λm = cms where cm is deﬁned by f cm = fm cm.
For any such λ, formula (17) deﬁnes an eigenvector. So the trace of f c
on k equals ∑λm=cms λ, which is zero if m > 1. Thus we have
κf c = ∑
s∈Sf
cs = Sf 1 cSf 
In particular, the non-degeneracy of the cocycle α implies that the char-
acter of the S-representation on kS α is regular:
κfs cs = CSs1AsCSs = Sδse
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Now we calculate the character of a bi-Galois G1 − G2-algebra. By
the deﬁnition (Section 6) any such algebra is an induced G1 − G2-
representation from a subgroup G1 ×F G2 acting on the twisted group
algebra kS α by the map t G1 ×F G2 → NF S α. Combining it with
the description of the NF S α-charcater on kS α, we get the following










×1 cgf11  gf22 Sq  p1g1 ∈ p1g1Q
(18)
where tg1 g2 = q cg1 g2 for gi ∈ Gi such that p1g1 = p1g1 = q.
Example 8.2. An automorphism of the character table of the symmetric
group S4. The group S4 has only one non-trivial normal abelian subgroup,
namely, the Klein group V4 ⊂ S4. It is an elementary abelian 2-group of rank
two and possesses a unique alternative bimultiplicative form A V4 × V4 →
±1:
Aσ τ = −1δστ 
Note that the cohomology group H1S3 V4 is trivial as a subgroup of
OutS4 = 1. Thus the character of the S4 × S4-representation RS4A4 α
for a cocycle α ∈ Z2V4 k∗ representing the class A ∈ H2V4 k∗ does
not depend on the choice of α. To simplify the situation choose α to be
A3-invariant.
Identify V4 with the 2-dimensional coordinate vector space F
2
2 over the
ﬁeld of two elements F2. The S3-action on V4 gives rise to an isomor-
phism between the symmetric group S3 and general linear group GL22 =
Sp22. All this identiﬁes the symmetric group S4 with the afﬁne group
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This coboundary gives rise to a homomorphism t Aff22 ×GL22
Aff22 → NGL22F22 α


















the restriction of cgAu − g−1v to F22g is the identity, the value of
the character χgu gv is non-trivial. Note that gv2 = gu.
The monoidal autoequivalence of the category of representations
S4 deﬁned by this data has a non-identical character and acts non-
trivially on the character table of S4. This action intertwines the characters
χ4 and χ5 and the classes 2A and 4A.
S4 1 2A 2B 3A 4A
χ1 1 1 1 1 1
χ2 1 −1 1 1 −1
χ3 2 0 2 −1 0
χ4 3 1 −1 0 −1
χ5 3 −1 −1 0 1
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